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Abstract 
The paper presents ome results on graphs that do not have two distinct isomorphic spanning 
trees. It is proved that any such connected graph with at least wo vertices must have the property 
that each end-block has just one edge. On the other hand, the class of such graphs is quite large; 
it is shown that any graph is an induced subgraph of a connected graph without wo distinct, 
isomorphic spanning trees. 
I. Introduction 
In this paper we consider spanning trees of connected, finite graphs (since loops are 
irrelevant to the problem we consider, and since the problem is trivial for graphs with 
multiple edges, we consider graphs without loops and multiple edges). 
A question which from early times has been investigated in some detail is that 
of finding the number t(G) of (labelled) spanning trees of a labelled graph G. The 
most famous result is that of Cayley [1]: t(Kn) = n n-2. But Kirchhoff's determinant 
formula [6] is valid for an arbitrary connected graph and thus implies Cayley's result 
(Kirchhoff's result is that t(G) is equal to the cofactor of any diagonal entry in the 
matrix D-  A, where D is the diagonal degree matrix of G, and A is the adjacency 
matrix). 
For any graph G, let z(G) denote the number of nonisomorphic spanning trees of 
G, i.e., the number of isomorphism classes into which the set of spanning trees of 
G partitions. Clearly z(G)<<.t(G). Less is known about z(G) than about t(G). For 
example, for z(Kn) an asymptotic formula exists, due to Polya and Read [7], but no 
exact expression is known. Graphs G for which z(G) is 1 or 2 have been characterized 
([2-5,12], for a brief historical outline see [10]; there are analogues for spanning 
unicyclic graphs in place of spanning trees in [9, 11]). Characterizing raphs G with 
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z(G) = 1 answers the question of finding the graphs for which all spanning trees are 
isomorphic; in this paper we discuss the complementary question: 
For which graphs are all spanning trees nonisomorphic? 
Thus we investigate graphs with t(G) -- z(G). 
We first show that the class of such graphs is quite large, in the sense that every 
graph is an induced subgraph of some graph G with t(G) -- z(G). 
Construction 1. Let H be any connected graph, with vertex set V(H) --- {h i ,  h2 .. . . .  hs}, 
s~> 1. Let G be the graph obtained from H by adding a set N of ½s(s+ 1) new vertices 
and joining each vertex of N to exactly one vertex of H in such a way that vertex hi 
of H becomes adjacent o exactly i new vertices, for 1 <<.i<<,s. 
Then, if s/> 2, the vertices of N are the only vertices of G of degree 1, and further- 
more, if T is any spanning tree of G then N is also the set of vertices of degree 1 
in T. 
In the graph G of Construction 1, all spanning trees are nonisomorphic. This is clear 
if s = 1, where G =/(2,  so let s~>2. Assume that two spanning trees T and T' are 
isomorphic, and let c~ : T ~ T' be an isomorphism; we now prove that T = T'. By 
the above, ~b(N) = N. Let hi be any vertex of H; as hi is characterized in both T 
and T' as the only vertex adjacent o exactly i vertices of degree 1, we must have 
49(hi) = hi. This proves that ~b is the identity on H, and by composition of ~ with 
~i, a suitable permutation of the neighbours of h i in N, for each i, 2<<.i<<.s, we can 
obtain an isomorphism if2 o ~/3 O...  O ~/s O (~ from T onto T' which is the identity, so 
that T -- T'. 
As H is clearly an induced subgraph of G, we have proved the following theorem. 
Theorem 2. Any connected graph H is an induced subgraph of a graph G with 
t(G) = z(G). 
As a matter of fact, Theorem 2, as stated above, is even more trivial than Con- 
struction 1 suggests: we could let G consist of H plus an isolated vertex, such that 
t(G) -- z(G) -- 0. For that same reason, Theorem 2 also holds for disconnected graphs 
H, where we can put G = H. So let us rephrase the actual result by moving the word 
'connected' eight words to the right: 
Corollary 3. Any graph H is an induced subgraph of a connected graph G with 
t(G) = z(G). 
Proof. I f  H is connected, Construction 1 suffices. If H is disconnected, first add a 
vertex joined to every component of H, then use Construction 1 on the resulting 
graph. [] 
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We shall return to the idea in Section 3 behind Construction 1, to discuss the pos- 
sibility of adding a smaller set of new vertices than the set N. 
First, in Section 2, we deduce some general properties of graphs G with t(G) = r(G). 
2. Properties of graphs with nonisomorphic spanning trees 
We first prove a useful lemma. 
Lemma 4. I f  a connected 9raph G contains a cycle C and a vertex v on C such that 
v is joined to each component of G-  V(C), then G contains two distinct, isomorphic 
spannin# trees. 
Proof. For each component L i of G - V(C), let Ti be a spanning tree of L i and let 
ei be an edge joining v to a vertex of Li. We can obtain a spanning tree of G as the 
union of a spanning path of C and all the ei and Ti. Deleting in turn one or the other 
of the two edges of C incident with v will yield two distinct, but isomorphic spanning 
trees of G. This proves Lemma 4. [] 
Corollary 5. I f  a connected 9raph G contains a nonseparatin9 cycle, then G contains 
two distinct, isomorphic spannin9 trees. 
Thomassen and Tort [8] have investigated graphs without nonseparating cycles. From 
their results and Corollary 5 it is straightforward to deduce necessary conditions for a 
graph G to have t(G) = z(G). None of these conditions would, however, be as strong 
as that of Theorem 6 below. 
A special kind of nonseparating cycle is a hamiltonian cycle. Thus Corollary 5 also 
contains the (trivial) statement that a hamiltonian graph has two distinct, isomorphic 
spanning trees. 
We now state another necessary condition for a graph G to have t(G) = z(G), 
namely that 'every end-block is an edge'. 
Theorem 6. I f  a connected graph G with at least two vertices has the property that 
all its spannin# trees are pairwise nonisomorphic, then every end-block of  G is a K2. 
Proof. Let G be a connected graph with t(G) = z(G), having at least two vertices. 
Assume that G has an end-block B (possibly the only block of G) which is not a K2. 
Then B contains at least one cycle. Now, if B is not the only block of G, let u be the 
unique cut-vertex of G which belongs to B; otherwise let u be any vertex of B. We 
first prove that B - u contains a cycle. 
Assume that, on the contrary, B -  u contains no cycle. Let C be a cycle of B; 
then u E V(C). As t(G) = z(G), C is not a hamiltonian cycle of G. Let L be any 
component of G - V(C). Then we can show that G contains an edge joining u to a 
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vertex of L: I f  L n B = 0, then obviously L is joined to u; and if, on the other hand, 
L C_ B -  V(C) then there exist at least two edges between L and C because B is a 
block, and if neither of two such edges were incident with u, there would be a cycle 
in B -  u, contradicting the present hypothesis. Thus L does indeed have a vertex which 
is adjacent o u in G. By Lemma 4, the existence of the cycle C containing the vertex 
u joined to every component of G - V(C) implies that z(G) < t(G), a contradiction. 
Thus B - u contains a cycle. Let Cm be a cycle of B - u, let Lu be the component 
of G - V(Cm) containing u, and suppose that Cm is chosen among all cycles in B - u 
so that Lu has the maximum number of vertices possible. Let v be a vertex of Cm 
adjacent o a vertex of Lu. We show that v is adjacent o a vertex in each component 
of G - V(Cm). Let L' be any such component, U -¢ Lu. Then U C_B - V(C,n), and B 
contains at least two edges between Cm and U. Thus G[Cm,U], the graph spanned by 
Cm and U, contains a cycle with at least one vertex from each of Cm and L'. But any 
such cycle D must contain v, because otherwise all of L, and v would belong to the 
same component of G - V(D), contradicting the maximality of Lu. It follows that U 
is joined by an edge to v. 
Finally we again apply Lemma 4, this time with its conditions satisfied by the 
cycle Cm and the vertex v. The conclusion, that z(G) < t(G), contradicts our basic 
assumption. This proves Theorem 6. [] 
Corollary 7. Any 2-connected graph has two distinct isomorphic spanning trees. 
Corollary 8. Any connected graph with minimum degree at least two has two distinct, 
isomorphic spanning trees. 
3. Generalizations of Construction 1 
In Construction 1, we produced a graph G with t(G) = z(G) by taking any connected 
graph H and 'marking' each vertex by adding a tree; in fact, we may say that we added 
a rooted tree with the root identified with the vertex of H, otherwise disjoint from 
H. The purpose of the marking was to be able to recognize ach vertex of H in each 
spanning tree of G, so that no pair of distinct spanning trees could be isomorphic. As 
'markers', Construction 1 used the stars Kl,i with the central vertex as root. 
It would seem, however, that in many cases it is possible to achieve the same result 
by adding markers that need not all be different, and hence can be smaller. Any cycle, 
for example, can be augmented to a graph G with t(G) = z(G) simply by adding K2 
to any vertex and K1,2 (with the central vertex as root) to one of its neighbours, as 
illustrated in Fig. 1. 
In such a situation, we shall say that the marker on each of the remaining vertices 
is K1. The requirement that the markers must be trees ensures that each marker itself 
is unaffected by the choice of spanning tree. In this section, we pursue this topic a 
little further. 
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The graph G of Fig. 1 could also be obtained by adding just one marker to the 
graph consisting of H and the other marker. To be able to distinguish between different 
choices of 'markers' and 'original graph', we define ker(G), the kernel of a connected 
graph G with at least one cycle, as the graph obtained by successive deletion of vertices 
of degree 1 until no such vertex remains. Then ker(G) is well-defined, as each vertex 
deleted in one such sequence of deletions of vertices of degree 1 will eventually be 
deleted in any other sequence (if we made the same definition of kernel for a connected 
graph without cycles, that is, for a tree, the kernel would be K1, but any vertex of the 
tree could be the left-over vertex). In Fig. 1, H = ker(G). Any connected graph H 
with ker(G) C H C G we call a kernel-true subgraph of G. The graph G of Fig. 1 has 
exactly 8 kernel-true subgraphs. 
If H is a kernel-true subgraph of G and v ~ V(H), we let AH(v) denote the tree 
with root v which is the component of G -E (H)  containing v. When we speak of 
isomorphism between two such rooted trees in the following, we always mean root- 
isomorphism, i.e., the isomorphism ust map the root of one tree onto the root of the 
other. Any spanning tree of G is obtained from a spanning tree of H by adding all 
the AH(v), and any graph obtained in this way is a spanning tree of G. 
If all spanning trees of a connected graph G are nonisomorphic, and if H is a 
kernel-true subgraph of G not having the same property, then no isomorphism between 
distinct spanning trees of H can be extended to the corresponding spanning trees of 
G; it must be spoiled by the markers. This is formalized in the next theorem. 
Theorem 9. Let G be a connected graph. Assume that t(G) = z(G). Then G satisfies 
the following condition: 
l f  H is any kernel-true proper subgraph of G, if T1 and T2 are any pair of distinct, 
isomorphic spanning trees of H, and if c~ is any isomorphism of 1"1 onto T2, then 
there exists a vertex v E V(H) such that AH(v) and At4(c~(v)) are not isomorphic. 
Proof. Let G, H, /'1, T2 and q~ be as stated, and let T + and T2 + be the spanning trees 
of G corresponding to T1 and T2. Assume that the condition to be proved does not 
hold for T1 and T2, so that for each v E V(H) there exists an isomorphism ~b~ of 
An(v) onto Al4(dp(v)). Then ~bv and ~b agree on the vertex v, so if we define 
ck+(u) = { ~(u) if u ~ v(I-I), 
~(u)  if u c v(~H(v)), 
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G T' T" 
Fig. 2. 
we get an isomorphism ~b + of T + onto T~-. Since T + and T + are distinct, this con- 
tradicts the assumption t(G) = z(G) and the theorem is proved. [] 
The condition of Theorem 9 will generally be quite difficult to check, because of 
the many possibilities for H. So we state the weaker condition, where only ker(G) 
is considered (it is in ker(G) that we know, by Corollary 8, that distinct, isomorphic 
spanning trees T1 and T2 exist): 
Corollary 10. Let G be a connected 9raph with t(G) = T(G). Then G satisfies the 
condition: 
I f  I"] and T2 are any pair of distinct, isomorphic spannin9 trees of ker(G), and q~ 
is any isomorphism of T1 onto T2, then there exists a vertex v C V(ker(G)) such that 
Aker(G)(V) and Aker(G)(q~(V)) are  not isomorphic. 
Let us note immediately that the condition of Corollary 10 is not sufficient o ensure 
that t(G) = z(G). This can be seen from Fig. 2 which shows a graph G whose kernel 
is a 4-cycle with a diagonal, and two distinct, but isomorphic, spanning trees T' and 
T" of G. 
There is a quick way to make the condition of Corollary 10 satisfied: make all 
the added rooted trees pairwise nonisomorphic. This is the case for the graph G of 
Fig. 2, so the figure also shows that strengthening the condition to require all Aker(O)(v) 
pairwise non-isomorphic still does not make it sufficient. Furthermore, Fig. 3 shows 
an extension G ~ of G which also has two distinct but isomorphic spanning trees, and 
which also has pairwise nonisomorphic markers, but for which none of these markers 
is K1; thus excluding Kl from the allowed markers does not make the condition of 
Corollary 10 sufficient either. 
We then return to considering Theorem 9. Is the condition of that theorem sufficient 
to ensure t(G) = z(G)? This would imply that the existence of two distinct, isomorphic 
spanning trees in a connected graph G of minimum degree 1 could always be explained 
by the existence of two such trees in a kernel-true proper subgraph of G, and so a 
'minimal' graph with z(G) < t(G) would have to have minimum degree at least 2. It 
is not so, however. Fig. 4 shows a graph G satisfying the condition of Theorem 9 but 
having two distinct, isomorphic spanning trees. 
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Fig. 4. 
The two isomorphic spanning trees of the graph G of Fig. 4 are G-  e5 and G-  el0. 
That G satisfies the condition of Theorem 9 is seen by checking each kernel-true proper 
subgraph of G in turn. We do this for the two largest and the smallest such subgraphs 
and leave the remaining (four) cases to the reader. 
In the kernel-true subgraph G-  vi, there are three pairs of isomorphic distinct 
spanning trees: (G-vl)--e2 is isomorphic to (G-Vl ) -e3,  (G-Vl)--e4 to (G-v  1 )-el0 
and (G - Vm ) - e5 to (G - Vm ) - e9. But no isomorphism 4b between distinct spanning 
trees fixes v2, and so Ac-v~(v2) (which is /(72) is never isomorphic to Aa-v~(~b(v2)) 
(which must be KI ). 
In the kernel-true subgraph G-  v4, there is no pair of distinct, isomorphic spanning 
trees. 
In the kernel-true subgraph ker(G), which is a 6-cycle, all spanning trees are iso- 
morphic. But the condition of Theorem 9 could be violated only if some isomorphism 
of one spanning tree (path of length 5) onto another fixed both v2 and v3, and no such 
isomorphism exists. 
The conclusion of the investigation of the graph of Fig. 4 is that the condition of 
Theorem 9 is necessary, but in general not sufficient. There is a class of graphs G, 
however, for which it is sufficient. This is the case when there is something attached to 
each vertex of ker(G), i.e., when Aker(a)(V ) 7 ~ K1 for all v E V(ker(G)). So in that case, 
the existence of two distinct, isomorphic spanning trees T1 and T2 in G implies the 
existence of two distinct, isomorphic spanning trees T( and T~ in a smaller kernel-true 
subgraph H of G, such that any isomorphism ~b : T( --* T~ extends to an isomorphism 
from T1 onto T2, because An(v) = Ai-t(cb(v)) for all v E H. This observation is proved 
in the following Lemma 11. Thus a graph G for which each vertex of the kernel has 
a nontrivial 'marker' cannot be 'minimal among its kernel-true subgraphs' with two 
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distinct, isomorphic spanning trees (really minimal is only the kernel itself, but its 
isomorphic spanning trees need not have the extension property). 
As a matter of fact, the proof of Lemma 11 shows that we can choose the subgraph 
H so that for each v E V(H), An(v) is either K1 or a star with its central vertex as 
root. 
Lemma 11. Let G be a graph with Aker(G)(V) • K1 for all v E ker(G), and assume 
that G satisfies the condition of Theorem 9. Then t( G) = z( G). 
Proof. Let V~ be the set of vertices of degree 1 in G. Observe that in any spanning 
tree of G, the set of vertices of degree 1 is exactly V1. Let H = G -/11. 
Suppose that T1 and T2 are distinct spanning trees of G, and that q~ is an isomorphism 
from 7"1 onto /'2. Then ~b maps /'1 - V1 onto T2 - V1, and so the restriction ~bn of 
~b to T1 - Vx is an isomorphism of the spanning tree /'1 - V1 of H onto the different 
spanning tree /'2 - V1 of H,  and since it is a restriction of a full isomorphism of T1 
onto T2, we clearly have that AH(v) = Al~((o~i(v)) for all v E V(H). This contradicts 
that G satisfies the condition of Theorem 9 and thus proves the lemma. [] 
We finally prove a result generalizing Construction 1 by imposing conditions on the 
family of markers that will ensure that we get a graph with t(G) = z(G). Remember, 
that we saw in Figs. 2 and 3 that it is not enough to require that all markers be 
pairwise nonisomorphic. 
I f  H is a kernel-true subgraph of G, and u and v are two vertices of H,  we say that 
An(u) is properly end-contained in An(v), if An(v) - v contains a subtree B with a 
root-vertex r E V(B) such that 
(1) B and An(u) are root-isomorphic, and 
(2) Vx E V(B) \ {r} : dG(X) = ds(x). 
Theorem 12. Let G be a graph obta&ed from a connected graph H by adding a tree 
An(v) at each vertex v of H. 
I f  A~l(U) is neither properly end-contained in nor root-isomorphic to An(v) for  any 
pair of distinct vertices u, v E V(H), then fiG) = z(G). 
Proof. Let G and H be as described, and assume that for any pair of  distinct vertices 
u and v of H we have: 
(i) An(u) is not root-isomorphic to An(v), 
(ii) An(u) is not properly end-contained in An(v). 
Let Tl and T2 be spanning trees of G, and let ~b be an isomorphism of / '1  onto /'2. 
We shall prove that T1 = T2. If  H is a single vertex, there is nothing to prove, so we 
assume that [V(H)[/>2. We investigate two cases separately. 
Case 1: c~(V(H))= V(H). 
Let u E V(H) and put v = ~b(u); then v E V(H) also. The set of vertices V(An(u))\  
{u} is exactly the set of vertices of Tl belonging to components C of/ '1 - u for which 
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C • H = 0. Since V(AH(v)) \ {v} can be described in the same way, it follows that 
49(V(Att(u))) = V(At4(v)). It follows that Al4(U) and An(v) are root-isomorphic. By 
(i), this implies that u = v. 
Thus ~b fixes every vertex of H,  which obviously implies T1 = T2. 
Case 2: c~(V(H)) ~ V(H). 
Let u C V(H) be such that ~b(u) ~ V(H). Say that x = ~b(u) E An(y). By (ii), 
we cannot have c~(V(Al4(U))C_ V(An(y)) \  {y}. Therefore there must be a vertex v of 
Au(u) so that ~b(v) -- y. Clearly v ¢ u. Let D be the component of / '1 - u containing 
v. Then DC_At4(u)- u and ~b(D) is a component of T2 -x  containing y. But then 
~b(D) contains all vertices of all AH(z) for z E V(H) \ y, which means that any such 
An(z) is properly end-contained in AH(u), contradicting (ii) (since I V(n)l/>2 there is 
such a vertex z). 
This proves Theorem 12. [] 
Corollary 13. Let G be a graph obtained from a connected graph H by adding 
pairwise nonisomorphic trees of the same height at the vertices of H. Then t(G) -- 
z(G). 
Proof. Follows from Theorem 12, as a rooted tree cannot be properly end-contained 
in a rooted tree of the same height. [] 
Construction 1 is an example of the method of Corollary 13. But Corollary 13 
permits a more 'economical' way of extending a connected graph H to a graph G 
with t(G) = z(G). For example, if IV(H)I = 13 and G is obtained by adding the 
13 pairwise nonisomorphic rooted trees of height 2 having at most 6 vertices, then 
altogether 54 new vertices are added; Construction 1 would add 91. 
We note that the condition of Theorem 12 implies that no added tree is K1 (except 
possibly if H = K1 ). 
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